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P(x) = —2® + 62° + 152 + 20

Find the maximum profit and determine the value of x at which it occurs.

1. (6 points) A company produces sofas. The profit, in riyals, from selling x units is modeled by:

Solution:

P'(z)=—

322+ 126 +15=0

— 1’ —4r-5=0 = (v —5)(z+1)=0

— rz=5orx=-—1

x can’t be negative, so x = 5 is the only valid possible value.

The maximum profit is P(5)

Verification: P(4) =

=-54+6-52+15-5+20 =120

—43 46-424+15-4420 = 112 < 120 = P(5)

(a) (1 point) f(x) =22°—3a* + 722 +1

Solution:

f(z) = 102" — 122° + 142

(3 points) f(x) = &

Solution:
o 2x(a® —1) — (2® +1)(2x)
f (.Z’) - (33'2 _ 1)2
I
(2= 1)?

(4 points) f(z) = (z + 2)*(x — 5)*

Solution:
F'(@) = 2(a+2) (@—5)*+3(0+2)2(a—5)’

= (v +2)(z — 5)*(5z — 4)

2. (15 points) Find the derivative of the following functions (find f'(z) or % for each relation):

(d) (1 point) f(z) = 3y/x + 2" — Tln(x)

Solution:

3 7
2 42" — L

f'@) =57 !

(e) (3 points) f(z) =In(v4x?+7)

Solution:

() 1 8x

4x

T VA2 17 AR 17 Aai 4T

(f) (3 pOiIltS) f(g(;) — 36x2+2x+\/5

Solution:

f'(x)

— 36$2+2$+\/5 . (25(7 +24+ L

2Vx

)




3. (9 points) A conical container is being filled with water. The container has a height of 8 meters and
a base radius of 4 meters. At time ¢, the water is h(t) meters deep, and the radius is r(t) = @ The

height grows over time according to h(t) = 22 + 313

(a) (2 points) The volume V of a cone is given by the expression V' = Zr?h.

Express the volume V' of the water in the cone as a function of h only.

Solution: )
7T (h T 3
V= 3 <§> h = ﬁh
(5 points) Find 4 in terms of ¢.
Solution:
d_V_d_V @_1 3h2 %_ZhZ @
dt  dh dt 12 dt 4 dt
= % (215% +3t§>2 : (2 : %t—é +3- %t—i)
2
- % (25 + 3t%> : (t‘% +t—§>

(¢) (2 points) How fast is the volume of water changing at t = 1 minute?

Solution:

T 1 1\ 2 1 2 Sudoku Bonus (1pt)
= — <22€§ + 3t§) . <t7§ -+ t7§> (each row, column, and 2x3
4 box must contain 1-6)

1 1\ 2 1 2 312|1|4|5]|6
(2-15—1—3‘15) : (1754—175) als5l6][3]1]2
T 9 614(3|5]2]1
=—(2+3)"-(1+1) 501 2643
4 113|51(2]|6]|4

_ T 529 25T7T 2[6[4a]1]3]5

4. (3 points) Determine the values of m,n such that the following function is continuous for all real
numbers:
224 nr+m, <2
f(z) =1 2z —m, 2<x <4
—xr —n, x >4
Solution:

f(z) is continuous at r =2 = —2°+2n+m=2-2—m = 2n+2m=8 = n+m=4

f(z)is continwous at t =4 = 2-4—m=-4—-n —= 8—m=—-4—-—n = m=12+n

n+m=4 —= n+124+n=4 —= 2n=-8 =— n=—-4

m=12+n=12—-4=28
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1. (6 points) A company produces bicycles. The profit, in riyals, from selling x units is modeled by:

9
P(z) = —2° + 53;2 + 121 + 12

Find the maximum profit and determine the value of x at which it occurs.

Solution:

Pl(z)=-32"+92+12=0
— 1 -3r-4=0 = (v —4)(z+1)=0
= r=4orz=-—1

x can’t be negative, so x = 4 is the only valid possible value.
s 9
The maximum profit is P(4) = —4% + R 424124412 =68

Verification: P(3) = =3+ 33> +12-3+4 12 =615 < 68 = P(4)

2. (15 points) Find the derivative of the following functions (find f’(z) or % for each relation):

(a) (1 point) f(z)=3x% —2x*+62% +5

Solution:

f'(z) = 152" — 82% + 12z

(b) (3 points) f(z) = 20241

(c) (4 points) f(x) = (x+3)*(x — 4)°

Solution:
F'(@) = 2(0+3)(1—4)*+3(0+3)2(x—4)?

= (x4 3)(z — 4)*(5x + 1)

x2—2
Solution:
by (222 + 1)/ (2% — 2) — (222 + 1) (2?2 —2)
f ($) - (Q}Q . 2)2
Aw(z® —2) — (22 +1)(22)
- (o7~ 2)
 Ax® — 8 —4da® — 2z
ST @y
10z
NGE:

(d) (1 point) f(z) = 4y/x + 3e* — 51n(x)

Solution:

(e) (3 points) f(z)=In(v/3x2+4)

Solution:

1 6x 3z

/
x = . =
J@) V322 +4 2¢/3x2+4 32?244

(3 points) f(z) = 3e” +3ete”

Solution:

f/<IL’> _ 36m3+3:p+e“ . (31,2 4 3 + 6:1:)




3. (9 points) A conical container is being filled with water. The container has a height of 8 meters and
a base radius of 4 meters. At time ¢, the water is h(t) meters deep, and the radius is r(t) = @ The

height grows over time according to h(t) = 22 + Af1

(a) (2 points) The volume V of a cone is given by the expression V' = Zr?h.

Express the volume V' of the water in the cone as a function of h only.

Solution:
T
V=—
3

(3

s
= _p?
12

)

(5 points) Find 4 in terms of ¢.

Solution:

V. _dv dh T _T
dt  dh dt 12 dt 4 dt
1 1 2 1 1 1 3
ot 4t’> (2. ¢35 4+4. 248
( oA ( 3t T 4)
1 1\ 2 1 _3
<2t2+4t4> -(t 5yt 4)

N

3

W

(¢) (2 points) How fast is the volume of water changing at t = 1 minute?

Solution:
v (20} +4ti)2 GEYE)
at 4
1 1 2 1
- % (2 13 +4 11) . (1*5 n 1*%)
:% 2+ 4% (1+1)

%-62-2:1%

Sudoku Bonus (1pt)
(each row, column, and 2x3
box must contain 1-6)

2141 5]3]|6
3|56 1]4]|2
1135624
624|315
51121463
416|325 ]|1

4. (3 points) Determine the values of m,n such that the following function is continuous for all real
numbers:
—224nr+m, x<2
f(z) =14 2z —m, 2<x <4
—xr —n, r >4
Solution:

f(z) is continuous at 1 =2 = -2+ 2n+m=2-2—m = 2n+2m=8 = n+m =4

f(z) is continuous at r =4 = 2-4—m=—-4—n = 8§—m=—-4—n = m=12+n
n+m=4 = n+124+n=4 = 2n=-8 = n=—-4
m=124n=12—-4=28
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1. (6 points) A company produces trucks. The profit, in riyals, from selling x units is modeled by:

P(z) = —2° + 32> + 9z + 17

Find the maximum profit and determine the value of x at which it occurs.

Solution:
P'(z) = =32> + 62 +9=0

— 1?20 -3=0 = (v —-3)(z+1)=0
— v =3o0rz=—1
x can’t be negative, so x = 3 is the only valid possible value.

The maximum profit is P(3) = —3% +3-3*+9-3 +17 =44

Verification: P(2) = —2%+3-2249-2+ 17 =39 < 44 = P(3)

2. (15 points) Find the derivative of the following functions (find f'(z) or % for each relation):

(a) (1 point) f(x) =225 — 53 + 22+ 15 (d) (1 point) f(z) =64z + te* —3In(z)
Solution: Solution:
3 1 3
f'(z) = 122° — 152° + 22 Np) = 0 4 —e? — 2

(b) (3 points) f(x) = 2243

221

(e) (3 points) f(z)=In(v/92%2+7)

Solution:
oo (@ +3)(22° — 1) — (2® + 3) (227 — 1)
fi(z) = CREERY 1 18z 9z
(222 —1) fllz) = . -
VOr2+7 24/922+7 92247

Solution:

22(22% — 1) — (22 + 3)(4x)

(222 —1)2
3 1'3 X nxr
4?22 — 4a® — 12 (f) (3 points) f(z) = 2e2= +o !
2 _1)2
(22 1) Solution:
B —14x .
- (2fL’2 _ 1)2 f/([E) _ 2€2x3+x+1nx . (6:62 +1+ _)
T

(¢) (4 points) f(z) = (x+1)*(x —6)?

Solution:
F(2) = 2(2+1) (£=6)*+3(a+1)*(2—6)’

= (x+1)(z — 6)*(5z — 9)




3. (9 points) A conical container is being filled with water. The container has a height of 8 meters and

a base radius of 4 meters. At time ¢,
height grows over time according to

(a) (2 points) The volume V of a

the water is h(t) meters deep, and the radius is r(t) = @ The
h(t) = 3ts 4 4ti.

cone is given by the expression V = %7’2}1.

Express the volume V' of the water in the cone as a function of h only.

Solution:

Y E
S 3\2 12

(b) (5 points) Find 2% in terms of ¢.

Solution:
d_V_d_V @_1 3h2 %_ZhZ @
dt  dh dt 12 dt 4 dt
2
:%(3t%+4t%) -(3- 3 44 lt‘i)

1
3 4
T (1 N2 [,_2 s
:—<3t3 —|-4t4> .(t 34+t 4)

W

(¢) (2 points) How fast is the volume of water changing at t = 1 minute?

Solution:

Sudoku Bonus (1pt)
(each row, column, and 2x3
box must contain 1-6)

T 1\ 2 _ 3 5(03[2(4[6]1
:Z<3 13 +4 14> (1 3 4+1 4) 1]4]6] 523
T ) 4l6[3]2]1]5
=—3+4)7-(1+1) 251|346
4 6|25 1]3]4
:Z‘72'2:49_7T 3(1]4(6]|5]2

4 2

4. (3 points) Determine the values of
numbers:

m,n such that the following function is continuous for all real

224 nr+m, <2
f(x) = ¢ 22 —m, 2<z<4
—xr —n, x >4

Solution:

f(z) is continuous at r =2 = —2°+2n+m=2-2—m = 2n+2m=8 = n+m=4

f(z)is continwous at t =4 = 2-4—m=-4—-n —= 8—m=—-4—-—n = m=12+n

n+m=4 —= n+124+n=4 —= 2n=-8 =— n=—-4

m=12+n=12—-4=28




